The so-called Non-Messing-Up Theorem is a well known sorting result for rectangular arrays of real numbers. In [4] , Donald E. Knuth attributes the result to Hermann Boerner, who mentions it in a footnote in Chapter V, §5 of [1] . Later, David Gale and Richard M. Karp include the fact as an example in [3] , where they prove a more general result about order preservation in sorting procedures. The first use of the term "non-messing-up" seems to be due to Knuth, as suggested in [2] . One statement of this result is as follows. Theorem 1. Let A be an m-by-n rectangular array (a ij ) of real numbers. Put each row of A into non-decreasing order. That is, for each 1 ≤ i ≤ m, place the values {a i1 , . . . , a in } in non-decreasing order (henceforth denoted sorting along the rows). This yields the array
Theorem 1. Let A be an m-by-n rectangular array (a ij ) of real numbers. Put each row of A into non-decreasing order. That is, for each 1 ≤ i ≤ m, place the values {a i1 , . . . , a in } in non-decreasing order (henceforth denoted sorting along the rows). This yields the array A ′ = (a ′ ij ). Next, sort along each column of A ′ . Each of the rows in the resulting array A ′′ remains in non-decreasing order.
Note that by applying the theorem to the transpose of the array A, the sorting can also be done first in the columns, then in the rows, and the columns will remain sorted. The proof of the theorem is straightforward.
Example. Observe that the rows of the third array are non-decreasing.
Throughout this paper, we will use standard terminology from the theory of partially ordered sets. A good reference for these terms and other information about posets is Chapter 3 of [5] .
The rectangular array in Theorem 1 can be thought of as the poset m × n, where the rows and columns are two different sets of disjoint saturated chains, each covering this poset. Sorting along a chain means putting the chain's labels in order where the smallest element in the chain gets the smallest label. Thus, sorting the labels in this manner gives a linear extension of the poset m × n. In the figures in this paper, dotted covering relations will be in chains of C 1 , thick solid covering relations will be in chains of C 2 , covering relations with dots and dashes will be in chains of both C 1 and C 2 , and thin solid covering relations will be undesignated. Let N 2 consist of all posets P for which there exist two sets of disjoint saturated chains C 1 and C 2 each covering P such that for any labeling of the elements of P , sorting the labels along the chains of C i and then sorting along the chains of C 3−i leaves the labels sorted along the chains of C i , for i = 1 and 2. An element of N 2 is said to have the sorting property or, to be consistent with popular terminology, the non-messing-up property.
Answering a question posed by Richard P. Stanley, the author's thesis advisor, this paper generalizes Theorem 1 by completely characterizing the class of posets N 2 . Furthermore, we suggest additional questions about the class N 2 and related classes, and provide answers to some of these.
Introduction
In this paper we consider only saturated chains in the sets C i , although relaxing this constraint may have interesting results as well. If both sets of chains ignore a particular covering relation {x ⋖ y} in P (that is, there is no chain in either C 1 or C 2 including both the elements x and y), then P ∈ N 2 if and only if P ′ ∈ N 2 , where P ′ is the same poset as P but without the relation {x ⋖ y}. Thus assume that every covering relation in a poset P ∈ N 2 is accounted for in at least one of the sets of chains. This means that the result of sorting any labeling of P ∈ N 2 along chains of C i and then along chains of C 3−i is a linear extension of P . This gives the first restriction on posets P in N 2 .
Necessary Condition 1.1. For any x ∈ P ∈ N 2 , |{y : y ⋖ x}| ≤ 2 and |{y : x ⋖ y}| ≤ 2.
It is sufficient to consider connected posets, as a poset is an element of N 2 if and only if each of its connected components is an element of N 2 . Elements of N 2 will be classified by their Hasse diagrams. In this paper, we use the langauge of edge coloring when referring to the assignment of covering relations of P to the different sets of chains. We will call two elements x and y adjacent if there is a covering relation in either direction between x and y. The elements of N 2 will be classified based on the following definitions.
Definition. A poset P is a tree if the Hasse diagram of P contains no cycles.
Definition.
A diamond is a convex subposet of P consisting of two chains a and b disjoint except for a common maximal element and a common minimal element, with no other elements or relations among the elements already mentioned in this convex subposet. A diamond circuit, or simply circuit, is a diamond Q in the Hasse diagram such that no other diamond in P has the same minimum as Q or the same maximum as Q.
Definition. A convex subposet consisting of a diamond together with a chain of k + 1 elements whose minimum element is the maximum element of this diamond and a chain of l + 1 elements whose maximum element is the minimum element of this diamond, where there are no other other elements or relations among the elements already mentioned in this convex subposet, is a balloon with top string of length k and bottom string of length l.
A crown is a cycle in the Hasse diagram for P that cannot be formed by two chains. A crown necessarilyhas the same number of maximal elements as it does minimal elements. A k-crown is a crown that has k maximal and k minimal elements.
We will classify N 2 by partitioning all posets into four categories based on their Hasse diagrams. These categories are (1) Trees; (2) Non-tree posets containing neither crowns nor diamonds of a certain type; (3) Posets containing a diamond of a certain type and containing no crowns; and (4) Posets containing crowns. The key tool in proving the necessity of certain conditions (these conditions may be abbreviated NC) for elements of N 2 is that we can put any labeling on a convex subposet Q of P and look at how the sorting works on this subposet to see if P can be in N 2 . If Q / ∈ N 2 then P / ∈ N 2 , since we can take a labeling of Q for which the sorting property does not hold and label all elements of {x : x < y for some y ∈ Q} smaller than all the labels of elements in Q, and label all elements of {x : x > y for some y ∈ Q} larger than all the labels of elements of Q. The convexity of Q guarantees that no element of P is in both of these sets. All other elements in the poset can be labeled with values between the values of the labels of {x : x < y for some y ∈ Q} and those of {x : x > y for some y ∈ Q}.
Theorem 2. If P ∈ N 2 , then every convex subposet of P is also a member of N 2 .
In this paper, we use the term inherit in two different ways. First, if Q is a convex subposet of P ∈ N 2 , that Q inherits the coloring of P means that the sets of chains in the poset Q are exactly as they are in Q when considered as a subposet of P . Also, if a poset P ∈ N 2 is formed from a poset P ∈ N 2 in a particular way (to be defined later), that P inherits the coloring of P mean that if the covering relation { u ⋖ v} is accounted for by the chain c i in P , then the image of this covering relation, {u ⋖ v}, is accounted for by the chain c i in P .
Throughout this paper, we will consider first sorting along the chains of C 1 and then along the chains of C 2 . However, we must also be able to sort the C 2 chains first and then the C 1 chains, so any conclusions made about one of the sets of chains also applies to the other set of chains.
Consider a convex subposet c of P ∈ N 2 that is a chain. Suppose that neither C 1 nor C 2 has an element containing the whole chain c. Then we can find intersecting chains c i ∈ C i where, without loss of generality, c 1 extends below c 2 , and c 2 extends above c 1 (where c i = c i ∩ c). Consider the chain c 1 ∪ c 2 . Label the elements of c 1 in increasing order 2, . . . , k. Label the first element in c 2 \ c 1 with 1, and then continue the labeling in increasing order starting at k + 1. Sorting along the chains of C 1 will not change any of the labels, but sorting along the chains of C 2 will give a non-minimal element of c 1 the label 1, so the labels of c 1 will not be sorted.
Necessary Condition 1.2. For any convex subposet of a poset P ∈ N 2 that is a chain, there must exist a chain in either C 1 or C 2 containing this entire subposet.
Definition. A convex subposet Q of P is Y-shaped if it consists of an element x together with a chain c whose maximal (minimal) element is x, and chains a and b disjoint except for their minimal (maximal) elements which are both x, with no other relations between elements of a, b, and c.
If Q is a Y-shaped subposet of P ∈ N 2 , then we can apply NC 1.2 to the chains a ∪ c and b ∪ c.
Necessary Condition 1.3. For any Y-shaped subposet a ∪ b ∪ c of the poset P ∈ N 2 , with notation as above, there must exist chains c i ∈ C i such that (a ∪ c) ⊆ c i and (b ∪ c) ⊆ c 3−i .
A covering relation will be called doubly colored if it is accounted for in both sets of chains. In NC 1.3, the entire chain c is doubly colored.
Consider an element x ∈ P ∈ N 2 covered by two elements y and z, and covering two elements v and w. Call such a set of five elements X-shaped, where x is the center of an X. If Q = {v, w, x, y, z : v, w ⋖ x ⋖ y, z} is a convex subposet of P then without loss of generality there are chains c i ∈ C i such that {v, x, y} ⊆ c 1 and {w, x, z} ⊆ c 2 . However, the chains {v ⋖ x ⋖ z} and {w ⋖ x ⋖ y} both contradict NC 1.2 since none of the four covering relations in this X-shaped subposet can be doubly colored.
Necessary Condition 1.4. If x ∈ P is the center of an X-shaped subposet {v, w, x, y, z}, with notation as above, then there are chains between v and z and between w and y, neither of which go through x. Suppose Q ⊆ P ∈ N 2 is a diamond consisting of chains a and b disjoint except for a common minimal element x and a common maximal element y. Consider a Type II diamond circuit in the Hasse diagram of P . For some 1 ≤ i ≤ M − 1, suppose a i is covered by v = a i+1 , and let i be minimal in this sense (that is, for all j < i, a j is covered only by a j+1 ). The relation a i ⋖ v must be in a chain of C 2 , since the relation a i ⋖ a i+1 is accounted for by c 1 . But then, by the minimality of i and the fact that we are looking at a circuit, the interval [a 0 , v] is a chain, and there is no element in C i containing this entire chain (since [a 0 , a 1 ] is not in a chain of C 2 and [a i , v] is not in a chain of C 1 ), contradicting NC 1.2.
Necessary Condition 1.6. If a diamond circuit of the poset P ∈ N 2 is Type II, then there are no additional relations in the poset involving any of the elements a ∪ b \ {x, y}.
Notice that for any Type I diamond subposet Q of P ∈ N 2 , the only way for an element of Q to be adjacent to an element of P \ Q would be for something else to cover a M−1 , b N −1 , or y, or to be covered by a 1 , b 1 , or x. Suppose there is another diamond in P with minimum x. Then a M−1 and b N −1 must be covered by elements u and v unequal to y, and these covering relations can only be accounted for by c 1 and c 2 , respectively. This forces whatever other diamond has minimum x to be a Type II diamond.
Necessary Condition 1.7. If Q is a Type I diamond in P ∈ N 2 that is not a circuit, then any diamond that shares its minimum or maximum element with Q must be a Type II diamond. Figure 5 . A Type I balloon with top string of length k and bottom string of length l. Now consider labeling this poset
After performing the two sorts, we need only worry about the labels of the covering relations [a M−1 , y] and [x, b 1 ] to check that the C 1 chains are still sorted. The label of b 1 will be M and the label of a M−1 will be M + k + l + 1. The label of x will be l + 1 if l + 1 ≤ M − 1, and k + l + 2 if l + 1 > M − 1. Similarly, y will have the label
Making the label of b 1 greater than the label of x forces l + 1 ≤ M − 1. Similarly, to make the label of a M−1 less than the label of y, we need N − 1 > k. If we also consider the results of sorting the chains first in C 2 and then in C 1 , we get similar results.
Necessary Condition 1.8. If P has a balloon with top and bottom strings D and C of lengths k and l, and the diamond Q is Type I, then max{k, l} < min{M − 1, N − 1}, with notation as above. Also, there are chains c i , c i ∈ C i such that (without loss of generality)
These bounds on k and l are sharp. That is, if max{k, l} = min{M − 2, N − 2}, then the chains as described have the sorting property, as the only way there could be a problem would be with the previously mentioned labeling, but we have already shown that this will work given these constraints.
One further preliminary that will be useful to us in this paper is the following. The poset N × N is an element of N 2 for any N , by Theorem 1. Now suppose N = 2K and think of this poset in the cartesian plane centered at the origin, and identify the lines y = −x − K and y = −x + K. The resulting poset will be called N × N on the cylinder. This poset is an element of N 2 since we can cut the cylinder along a line of identification to get a poset in the plane, and then we can draw any number of copies of this poset side by side, identifying elements in the plane that were identified on the cylinder. After perhaps removing a few elements at the farthest left and farthest right sides of the poset in the plane, we get a convex subposet of M × M ∈ N 2 for some M . To start with a particular labeling of N × N on the cylinder, give the label of an element x in the cylindrical poset to every preimage of x in the plane. Draw enough copies of the poset so that after the two sortings, the centermost copy of the cut poset in the plane has the labels it would have, had it been sorted on the cylinder. Since M × M ∈ N 2 , the labels of theC 1 chains in the centermost copy of the cut poset must be in order. Throughout this section, let the poset P be a tree. This section answers the question of when P is an element of N 2 . First we will suppose that P ∈ N 2 with sets of chains C 1 and C 2 , and deduce necessary properties for P . Then we will show that these properties are sufficient for P to be in N 2 .
If P consists of a single chain, then certainly P ∈ N 2 : C 1 can be the single chain that is all of P , and C 2 can be any collection of chains covering P , and the sorting property holds. Now consider a tree poset P ∈ N 2 that is not a single chain. There must be a chain in C 1 that is not entirely contained in a chain of C 2 , since otherwise the disjoint chains in C 2 would have to account for all of the covering relations in P , making P a single chain. Let c ∈ C 1 be a chain not entirely contained in any chain of C 2 , which necessarily must consist of more than one element. As c is not all of P , there is an element x ∈ P \ c, adjacent to an element y ∈ c. Suppose there are actually two elements x 1 and x 2 in P \ c adjacent to elements of c.
If the elements x 1 and x 2 are both adjacent to the same element y ∈ c, then, since every covering relation must be accounted for, and no element of C 1 includes either of the relations involving y and an x i (because the chains of C 1 are disjoint), both of these covering relations must be in chains of C 2 . These chains are disjoint, so x 1 ⋖ y ⋖ x 2 , without loss of generality. The chain c has more than one element in it, so let z be an element adjacent to y in c. The set {y, z, x 1 , x 2 } is convex since P is a tree, and it forms a Y-shaped subposet of P without the coloring required by NC 1.3. Thus if two elements of P \ c are adjacent to c, they cannot be adjacent to the same element.
Consider x 1 adjacent to y 1 ∈ c and x 2 adjacent to y 2 ∈ c, y 1 < y 2 , where no element in (y 1 , y 2 ) ⊆ c is adjacent to any element outside of c (otherwise replace y 1 and y 2 with closer elements).
If x 1 ⋖ y 1 and x 2 ⋖ y 2 , analogously, y 1 ⋖ x 1 and y 2 ⋖ x 2 , then because P is a tree, {x 1 , x 2 } ∪ [y 1 , y 2 ] is a convex subposet of P , and x 2 and y 2 are in a different chain of C 2 from x 1 and y 1 . The convexity of this set means that the interval [x 1 , y 2 ] is a convex subposet of P that is a chain, and yet it cannot have the coloring required by NC 1.2 because the covering relation [x 1 , y 1 ] is not in a chain of C 1 and the covering relation [u, y 2 ] for u ∈ c is not in a chain of C 2 .
Necessary Condition 2.1.1. No convex subposet of P ∈ N 2 has a configuration as in Figure 6 .
is a convex subposet of P , as well as a chain. Thus, by NC 1.2, {x 1 , x 2 } ∪ [y 1 , y 2 ] must all be contained in a single chain of C 2 (since x 1 and x 2 are not elements of c). We can suppose, without loss of generality that the chain c in C 1 contains another element y 3 covering y 2 , since c is not contained entirely in a chain of C 2 . The interval [x 1 , y 3 ] is a convex subposet of P that is a chain since P is a tree, but it cannot have the coloring required by NC 1.2 since [x 1 , y 1 ] is not in a chain of C 1 and [y 2 , y 3 ] cannot be in a chain of C 2 . Thus the only remaining possibility is that for P ∈ N 2 , for any c ∈ C 1 , if there are two distinct elements x 1 = x 2 in P \ c adjacent to elements of c, there must be some y 1 < y 2 in c, where y 1 ⋖ x 1 and y 2 ⋗ x 2 . There can be no other elements of P \ c adjacent to c because a third adjacency would contradict NC 2.1.1 or NC 2.1.2.
Consider a chain c = {x 1 ⋖ · · ·⋖ x k } in a tree P ∈ N 2 such that x j is not adjacent to any elements of P \ c for 2 ≤ j ≤ k − 1, and k is maximal in this sense. By NC 1.2, we know that c ⊆ c i ∈ C i for i = 1 or 2. As we are assuming c P , x k covers some z / ∈ c, x 1 is covered by some y / ∈ c, or both. The poset P is a tree, so NC 1.3 implies that any elements greater than x k in P , similarly less than x 1 in P , must be in c i as well.
Necessary Condition 2.1.3. For any maximal chain c of a tree P ∈ N 2 , there can be at most two elements of P \ c adjacent to c. Furthermore, c = c i ∈ C i for i = 1 or 2. If there are two distinct elements of P \ c adjacent to c, these must be adjacent to distinct elements of c, and the element adjacent to the greater element in c must be covered by that element, while the element adjacent to the lesser element in c must cover that element.
To show sufficiency of this condition for a tree to be a member of N 2 , we must define sets C 1 and C 2 for any tree P that will have the sorting property. NC 2.1.3 does exactly this: every maximal chain in P must be a chain in one the sets C i . Start with any maximal element in P , and notice that by NC 2.1.3, there are at most two maximal chains in P with this element as their maximum. Put one of these chains in C 1 and the other in C 2 . Continue in this manner until all the maximal chains of P are covered by C 1 ∪ C 2 . For any remaining elements of P not yet covered by chains in C 1 , put them in C 1 in any manner desired. For example, each such element can be its own chain, or we can make maximal chains out of these elements and let these chains be in C 1 . Similarly add chains to C 2 so that it covers P . Proposition 2.1.4. A tree poset P is in N 2 if and only if P is a union of disjoint chains C 1 , . . . , C k together with elements x i , y i ∈ C i (1 ≤ i ≤ k) satisfying the following relations.
One such poset is depicted in Figure 8 .
If
Also, add chains covering the intervals {z : z ≥ y 1 } and covering {z :
where D j has the definition above. Add chains covering the interval {z : z ≥ y 1 } to C 2 , and add chains covering the interval
does not yet cover all of P . This can easily be fixed by adding any sets of chains covering these nonempty sets. Similarly, if any (x i , y i ) = ∅, supplement C 2 .
Proof. First of all, notice that by NC 2.1.3, it is necessary that C 1 and C 2 be as defined. To see that P has the sorting property with C 1 and C 2 as defined, notice that if we sort along the chains of C 1 and then along the chains of C 2 , one way the chains of C 1 could not still be sorted would be if, for example, the label of y was less after the two sorts than the label of x in Figure 8 . Consider what happens to the labels of x and y during these two sorts. After sorting along the chains of C 1 , the label of y is necessarily no less than the label of x. After sorting along the chains of C 2 , could the label of y get smaller? Could the label of x get larger? Neither of these can happen since both sorts keep all the labels of elements above y (below x) larger than the label of y (smaller than the label of x). Suppose there are k elements greater than y in P , and that y ∈ c 2 ∈ C 2 . For the label of y to decrease after sorting along the chains of C 2 , the (k + 1) st greatest label in c 2 would have to be strictly less than the label of y after sorting along the chains of C 1 . However, after sorting this first sort, the maximal k elements in this chain already have labels at least the value of the label of y, so this cannot happen. Thus after sorting along the chains of C 2 , the label of y gets no smaller, and similarly the label of x gets no larger. As these labels are already in order, they remain in the correct order after sorting along C 2 . The only other problem would be, without loss of generality, if the label of z ended up less than the label of w in Figure 8 . But as with y, the label of z cannot decrease, and the label of w does not change when sorting along the chains of C 2 . Therefore the chains of C 1 are still in the correct order, and the sorting property holds, so we have defined all the trees P ∈ N 2 .
Observe that the posets described by Proposition 2.1.4 can also be described in the following manner. For large enough N , consider a convex subposet P of N × N that is a tree. Such a poset looks like a zigzag in N × N, and has a coloring inherited from the chain sets for N × N defined in Theorem 1. Also, P ∈ N 2 by Theorems 1 and 2. Now consider splitting elements in P , defined as follows. For v ∈ P , splitting v means replacing v by a chain of s( v) elements, such that if two elements covered (were covered by) a common element before the split, they cover (are covered by) a common element after the split, and the covering relations in the chain formed by this split are all doubly colored. If a poset P can be formed from a convex subposet P of N × N by splitting elements, say that P reduces to P . Theorem 4. A tree poset P is in N 2 if and only if P reduces to the tree P , a convex subposet of N × N for some N . The coloring of P is the coloring inherited from P , and all new chains formed from splitting an element in P are doubly colored in P . The different possible colorings mentioned in Proposition 2.1.4 arise from the fact that there are several possibilities for P , because of splitting as depicted in Figure 9 (a). Call the elements of N 2 that are described by this theorem Class I posets.
Figure 10. A poset P for the poset P in Figure 8 , together with its coloring. The elements that split to form P have been circled.
2.2.
Non-tree posets containing no crowns, where every diamond has Type I. Throughout this section, suppose that P is a poset that is not a tree, and that P contains no crown. Furthermore, if P ∈ N 2 suppose that every diamond in P is of Type I.
Suppose P ∈ N 2 . Let a circuit Q consist of the chains a = {a 0 ⋖ · · ·⋖ a M } and b = {b 0 ⋖ · · ·⋖ b N } where a 0 = b 0 = x and a M = b N = y, and suppose that M > 3. The circuit Q, and all other circuits in P must be Type I. The only places where other elements may be adjacent to Q are x, a 1 , a M−1 , b 1 , b N −1 , or y (where b 1 may equal b N −1 ), and NC 1.8 will put restrictions on any chains adjacent to x or y. Suppose Q has a top string {y = z 0 ⋖ · · · ⋖ z k } of length k, and that z k is covered by an element u not in the top string. That means that the subposet Q ∪ [y, u] is not convex, so there must be another chain between u and either a M−1 or b N −1 . Suppose the chain is between u and a M−1 . This will create another balloon, so by NC 1.8,
Necessary Condition 2.2.1. Suppose P ∈ N 2 has a convex subposet Q that is a balloon with a top string of length k, and this z k is covered by u, not in the top string. If [z k , u] is in a chain of C 1 , then (preserving notation), there is a chain between u and a M−1 (so as to avoid any Type II diamonds) that only intersects the balloon Q at a M−1 , and k = M − 2.
Necessary Condition 2.2.2. For any element v /
∈ Q adjacent to a M−1 , v ⋗ a M−1 and there is a chain
Proof. That these conditions are necessary has already been shown. Now suppose that some P satisfying the hypotheses of the proposition satisfies these conditions. Consider any labeling of P . We can assume all the C 1 chains have already been sorted, as this will not affect whether or not P is in N 2 . Consider a covering relation u ⋖ v accounted for by a C 1 chain. If u ⋖ v is also accounted for by a C 2 chain (that is, the relation is doubly colored), then the labels of these elements will necessarily still be in the correct order after sorting along the chains of C 2 . Suppose that [u, v] is not in any chain of C 2 . Let u ∈ d 1 ∈ C 2 and v ∈ d 2 ∈ C 2 . We need only show that the subposet
Because of NC 1.8, P ′ is a convex subposet of the honeycomb-shaped poset H as depicted in Figure 11 , for some values k 1 , k 2 , . . ., with chain sets as marked. Suppose that all C 1 chains in H are sorted. 1 with values at least as large as ℓ. Thus after sorting along the chains of C 2 , the label of v ′ will still be at least as large as the label of u ′ . Thus H ∈ N 2 , so P ′ ∈ N 2 by Theorem 2. Hence P ∈ N 2 . Now, as in the previous section, we can think of all doubly colored chains in P as the result of splitting particular elements in some reduced P . However, we have a restiction here from NC 1.8: if {w ⋖ x, y ⋖ z} is a four-element diamond in P , then the numbers of elements into which each of these elements splits must satsify max{s(w), s(z)} ≤ min{s(x), s(y)}. As before, say that P reduces to P .
We can restate Proposition 2.2.4 as the following theorem.
Theorem 5. If P is not a tree, P contains no crown subposets, and no cycle in P is permitted to be of Type II, then P ∈ N 2 if and only if P reduces to some P that can be embedded in N × N as a convex subposet, satisfying max{s(w), s(z)} ≤ min{s(x), s(y)} for all four-element diamonds {w ⋖ x, y ⋖ z} in P . The coloring of P is the coloring inherited from P , and all new chains formed from spliting an element in P are doubly colored in P . Call the elements of N 2 that are described by this theorem Class II posets. Figure 12 . A non-tree poset P containing no crowns, where every diamond is Type I, together with its coloring.
Figure 13. A poset P for the poset P in Figure 12 , together with its coloring. The elements that split to form P have been circled.
Posets containing a Type II diamond and no crowns.
Throughout this section, let the poset P ∈ N 2 contain a convex subposet Q that is a Type II diamond and no crown subposets. Without loss of generality, assume that Q consists of two chains a = {x = a 0 ⋖ · · · ⋖ a M = y} and b = {x = b 0 ⋖ · · · ⋖ b N = y}, and a ⊆ c 1 ∈ C 1 and b ⊆ c 2 ∈ C 2 .
Suppose that Q is a circuit in P . Then by NC 1.6, if Q P , then some element in P \ Q is adjacent to either x or y. Without loss of generality, suppose there is a chain {y Proof. All that remains to show is that these definitions of C 1 and C 2 for such a poset P do indeed have the sorting property. As in the proof of Theorem 4, the only place where the sorting property could fail is if, after the consecutive sortings along the chains of C 1 and then along the chains of C 2 , either the label of a M−1 is greater than the label of y, or the label of a 1 is less than the label of x. First observe that the labels of a M−1 and a 1 will not change during the sorting along the chains of C 2 . So there can only be a problem if the label of y gets smaller during the second sort, or if the label of x gets larger during the second sort. However, the same argument as in the proof of Theorem 4 shows that neither of these events can occur. Thus the chains of C 1 will all remain in order after the poset is sorted along the two sets of chains.
For the remainder of this section, suppose that the Type II diamond Q is not a circuit. Let i be minimal so that a i is covered by some v ∈ P \ Q. By NC 2.1.1, v must be comparable to b 1 if P ∈ N 2 . Thus there is a chain v = v 0 ⋗ v 1 ⋗ · · · ⋗ v k = b j , so another diamond has minimum x. In fact, we have the following more general result.
Necessary Condition 2.3.2. In a Type II diamond Q, if a j is covered by some v, then v must be comparable to b 1 . Similarly, we could replace is covered by with covers, and the roles of the chains a and b can be interchanged.
Consider the interval [x, v] . This is a diamond circuit in P by minimality of i, and it has Type I coloring since [x, a 1 ] must not be in a C 2 chain and [a i , v] must not be in a C 1 chain. Thus [x, v 1 ] is contained in a C 2 chain, which means that v ⋗ b j .
Consider the subposet
As Q is a diamond, there is no chain between elements of a ∪ b \ {x, y} that is not entirely contained in either a or b. Thus there is also no chain from a i ′ to v or b j ′ to v for i ′ > i or j ′ > j. Therefore, the subposet Q ′ is convex in Q (likewise in P , since Q is a convex subposet of P ). However, Q ′ is a 2-crown, which contradicts the fact that P has no crown subposets, so Q must be a circuit, and thus P is described by Proposition 2.3.1.
It is somewhat easier to think of the poset P ∈ N 2 containing a Type II diamond on the cylinder. In other words, cut the poset P , which is a balloon by Proposition 2.3.1, along its top string and redraw it as a planar poset P ′ , thinking of the left and right sides as identified. Now observe that when the poset P is viewed on the cylinder, it looks exactly like a Class I poset that has a unique minimal element and a unique maximal element.
Theorem 6. A poset P containing a Type II diamond and no crown subposets is in N 2 if and only if there exists some poset P where P reduces to P , a convex subposet of N × N on the cylinder for some N , such that P looks like a tree with a unique maximal element and a unique minimal element. This poset looks like a tree on the cylinder because the unique diamond in P realizes a generator of the fundamental group of the cylinder. The coloring of P is the coloring inherited from P , which is the coloring inherited from N × N on the cylinder, and all new chains formed from splitting an element in P are doubly colored in P . Call the elements of N 2 that are described by this theorem Class III posets.
Posets containing crowns.
Throughout this section, let P be a poset containing a crown C as a convex subposet. Let {x 1 , . . . , x k } be the minimal elements of C and let {y 1 , . . . , y k } be the maximal elements of C. Suppose that these elements are indexed so that the chains in C are [x i , y i ] and [x i+1 , y i ] for all i, where the subscripts are taken modulo k. By NC 1.2, we know how any crown must be colored: without loss of generality, there exist C 1 chains containing each of the intervals [x i , y i ] and there exist C 2 chains containing each of the intervals [x i+1 , y i ]. If C P , then there must be other elements adjacent to those in the crown. Call an element v in a crown that is neither a minimal nor a maximal element in this crown an inner element. Suppose v ∈ (x 1 , y 1 ) is in a C 1 chain in a crown C, and v ⋗ u for u / ∈ C. Then by NC 2.1.1, u must be comparable to the element w in [x 2 , y 1 ) covered by y 1 , so there will be a chain in C 1 between u and w. But then we could have considered the crown whose maximal elements are {v, w, y 2 , . . . , y k } and whose minimal elements are {x 1 , u, x 2 , . . . , x k }. Thus assume that the only elements in C adjacent to elements in P \ C are elements that are maximal or minimal in C.
By NC 1.1, no element of P \ C can cover an x i , just as no element of P \ C is covered by a y j . Without loss of generality, suppose x 1 covers some v, and x 1 and v are in the same C 2 chain. Then either the covering relation v ⋖ x 1 is doubly colored by NC 1.3, or v < x 2 by NC 2.1.1, and there must be a C 1 chain between v and x 2 by NC 1.5. Similarly, if x 2 covers w, and x 2 and w are in the same C 1 chain but the edge is not doubly colored, then there must be a C 2 chain between w and x 1 . In the crown C, a doubly colored chain off of a minimal (analogously, maximal) element x i is allowed as long as it satisifies NC 1.8. That is, if x i is the minimum of a Type I diamond in P , then the lengths of the sides of this diamond must be at least as long as the maximal length of this doubly colored chain.
Generalizing these conclusions yields the following.
Necessary Condition 2.4.1. Suppose P ∈ N 2 has a crown C with notation as above. If there is a chain
is not, then there must also be a chain {v 1 = w 1 ⋖ · · · ⋖ w m = x i+1 } contained in a chain of C 1 , and by NC 1.5, the interval [w 2 , w m ] is doubly colored. If {v 2 , . . . , v n = x i } is a doubly colored chain, and x i is the minimum of a Type I diamond, then there must be doubly colored chains with minima y i and y i−1 consisting of at least n − 1 elements. Similarly there must be doubly colored chains with minima y i and y i+1 consisting of at least m − 1 elements if x i+1 is the minimum of a Type I diamond. If both of these are the case, then by NC 2.2.1, m = n and the doubly colored chain with minimum y i consists of m − 1 elements. Furthermore, if x i covers two distinct elements, then since neither of these covering relations can be doubly colored, one of these elements must be less than x i−1 and one must be less than x i+1 . Figure 16 . The elements, relations, and chain set requirements if a chain that is not entirely doubly colored extends from a minimal element of a crown.
The only further adjacencies to consider in the crown C are v 1 , v 2 , or w 2 , as in Figure 16 , covering other elements. If w 2 covers some element u not equal to v 1 , [u, w 2 ] will have to be in the same C 2 chain as y 1 , and as in NC 2.1.2, u must be comparable to x 3 . So u is in the same C 1 chain as y 3 and x 3 , and the chain between x 3 and the element covering u in the chain must be doubly colored. A similar conclusion holds if v 2 covers something besides v 1 . Suppose v 1 ⋗ t for some t, and t is in the same C 2 chain as y k . The interval [t, v 1 ] can only be doubly colored if both m and n are at least 3, by NC 1.8. If t is the maximal element of a chain {t r ⋖ · · · ⋖ t 1 = t} that is all in a C 2 chain but only [t r−1 , t] is doubly colored, then note first that by NC 1.2, there must be a diamond with maximum w 2 and minimum t r , requiring r = m − 1 by NC 1.8. We draw analogous conclusions if we suppose that t r−1 or t r cover other elements.
If P has a Y-shaped subposet, then by NC 2.4.1, and the discussion about when there can be a doubly colored edge coming off of a maximal or minimal element of C, we know what some of these Figure 17 . The elements, relations, and chain set requirements for balloons with top or bottom strings of positive length. In this figure, l ≥ n and h ≥ m.
posets look like. As in Section 2.2, we can think of such edges as the result of splitting particular elements, with the same restrictions on splitting sizes for elements in a diamond. For intervals (x i , y i ) or (x i+1 , y i ) that are nonempty, we have to be a bit careful. Suppose v ∈ (x i , y i ) ⊆ c 1 for some c 1 ∈ C 1 , and suppose there is a Type I diamond including x i , y i , and x i+1 . Then the inability to have any other covering relations for v will contradict NC 1.2. Notice that this also forces the interval (x i , y i ) to be empty if x i or y i is the center of an X.
Necessary Condition 2.4.2. If P ∈ N 2 and P has a convex subposet that is the crown C with the same notation as above, where the open interval (x i , y i ) ⊆ c 1 ∈ C 1 is nonempty, then there can be no Type I diamond including the elements x i , y i , and x i+1 . There can also be no Type I diamond including the elements x i , y i , and y i−1 . In other words, there can be no Type I diamond including the edge
For purposes of defining the sets, if (x i , y j ) is nonempty (for j = i or j = i − 1), and [x i , y j ] is in a C l chain, then let (x i , y j ) be divided into C 3−l chains in any manner that covers the interval. For example, (x i , y j ) itself could be a C 3−l chain.
It is somewhat clearer to draw the poset P on the cylinder. In other words, cut the poset P and redraw it as a planar poset P ′ , thinking of the left and right sides as identified. Observe that when the poset P is viewed on the cylinder, NC 2.4.1 and NC 2.4.2 guarantee that P looks exactly like a Class II poset or a Class I poset that has k minimal elements and k maximal elements, for k > 1 if P has no diamonds. Proof. Suppose that P looks like a Class II poset on the cylinder or like a Class I poset with k maximal elements and k minimal elements on the cylinder. Consider an embedding of P on the cylinder, and cut the cylinder along the line of identification to get a poset P ′ in the plane. We can actually draw any number of copies of this poset side by side, identifying elements in the plane that were identified on the cylinder.
Suppose we draw M copies of P ′ in this manner, for some sufficiently large M . This gives a poset Q. We want to get a poset that looks like a poset of the form defined in Theorem 4 or Theorem 5. The poset Q will be close, but there may be problems at the farthest left and farthest right sides, because of the cut in the cylinder, so remove whatever elements are necessary from these sides to obtain a poset Q ′ whose membership in N 2 is guaranteed by Theorem 4 or Theorem 5. If we want to start with a particular labeling of P , give the label of v ∈ P to every preimage of v in Q ′ . The poset Q ′ is in N 2 , and let M be large enough so that whatever labels the elements of the centermost copy of P ′ has after the two sortings, these are the labels that the elements of P would have after the two sortings in P . We can find such an M because P is a finite poset, and there will be only finitely many elements in each chain that crosses over a line of identification. Then, since all of the C 1 chains of Q ′ are still in order, all of the C 1 chains of this centermost P ′ are still in order, so P ∈ N 2 .
Combining Proposition 2.4.3 with Theorems 4 and 5 gives another characterization of all posets in N 2 that contain crowns.
Theorem 7. A poset P containing a crown is in N 2 if and only if there exists some poset P where P reduces to P , a convex subposet of N × N on the cylinder for some N , such that if P is a tree then it has more than one maximal element and more than one minimal element. For any diamond circuit {w ⋖ x, y ⋖ z} in P that does not realize a generator of the fundamental group of the cylinder, we must have max{s(w), s(z)} ≤ min{s(x), s(y)} in the splits that take place between P and P . The coloring of P is the coloring inherited from P , and all new chains formed from splitting an element in P are doubly colored in P . Call the elements of N 2 that are described by this theorem Class IV posets.
Conclusion.
Having partitioned the collection of all posets in this manner and discovered exactly when elements of these paritions can be in N 2 , we have entirely characterized N 2 . The collection N 2 is completely described by Theorems 4, 5, 6, and 7. That is, the collection N 2 can be decomposed into the disjoint union of Class I, Class II, Class III, and Class IV posets. Examples of these posets are depicted in Figures 8, 12, 14 , and 18.
Theorem 8. The collection N 2 is exactly the set of posets that reduce to convex subposets of N×N or that reduce to convex subposets of N×N on the cylinder, given the stipulation that max{s(w), s(z)} ≤ min{s(x), s(y)} for any diamond circuit {w ⋖ x, y ⋖ z} in the reduced poset. The required coloring of the poset P ∈ N 2 is the coloring inherited from the reduced poset defined by Theorem 1, where all new edges formed from splitting an element in P are doubly colored in P . There may be several possible colorings for P because there may be more than one possible reduced poset P , due to splits of the form depicted in Figure 9 (a).
Further directions
The classification of all posets in N 2 prompts a number of further questions relating to various aspects of the sets of chains along which the labels of the poset are sorted. In the final section of this paper, we suggest several such questions and provide answers to some of them.
3.1. Choice of chain sets for elements of N 2 .
The requirement for membership in N 2 is the existence of a pair of chain sets {C 1 , C 2 }. We might also ask, for a poset P ∈ N 2 , if there are other pairs of chain sets {C ′ 1 , C ′ 2 } for which the sorting property also holds. The previous results answer this question very nicely. First of all, notice that a Class III poset can also be colored as a Class II poset if the bounds of NC 1.8 are satisfied. This is the only instance of the class of a poset being ambiguous. Once we know that a poset P belongs to a particular Class, the only freedom in defining the chain sets arises from the various ways to reduce P due to splits as depicted in Figure 9 (a). This is the choice of how to supplement the chain sets so that they cover the poset P , once all the covering relations and necessary doubly colored relations have been accounted for by the chain sets C 1 and C 2 .
3.2. The set N 2 ′ N 2 with reduced redundancy. In the classification of the set N 2 , there were often instances of a chain in C i being entirely contained in a chain of C 3−i . While the poset with these two sets of chains may have the sorting property, there is a certain redundancy in these chain sets: if we first sort along the chains of C 3−i and then along the chains of C i , this particular chain in C i will provide no added information about the order relations in the poset since it will always be in order after the first sort. Therefore it is natural to consider the class N 2 ′ N 2 of posets P for which there exist sets of chains C 1 and C 2 as in the previous section, so that for all c 1 ∈ C 1 and c 2 ∈ C 2 , c i ⊆ c 3−i .
As N 2 ′ is a subset of N 2 , any tree P ∈ N 2 ′ must satisfy Theorem 4 as well. Keeping the notation from Theorem 4, for P ∈ N 2 ′ , say that P reduces to P , a convex tree subposet of N × N. Since P is connected, it has exactly two elements that are each only adjacent to one other element P . Let v be one of these two elements. Suppose that v is in c 1 ∈ C 1 and in c 2 ∈ C 2 . Without loss of generality, we have that c 1 = {v}, so c 1 ⊆ c 2 . But then no matter how elements of P split to form P , the resulting chain c 1 will be entirely contained in the resulting chain c 2 . Thus, for any tree in N 2 , there will be a chain in C i that is a subset of a chain in C 3−i for i = 1 or 2. Therefore, the set N 2 ′ contains no tree posets. Now consider a Class II poset P ∈ N 2 . As P must satisfy Theorem 5, any element in P that is in a diamond will not be in a chain of C i that is entirely contained in a chain in C 3−i . Therefore, the only elements (and hence chains) we need consider are those that are not part of any diamond in P . Call a chain in a poset Q that does not share a covering relation with any diamond in Q, a branch chain. Call a maximal such chain a maximal branch chain. Let P be the most reduced version of P . This means that in P , a convex subposet of N × N for some N , every diamond circuit consists of four elements, and every maximal branch chain consists of two or three elements. Then because of the way the chain sets for P derive from the chain sets for P , P ∈ N 2 ′ if and only if each maximal branch chain in P has exactly two elements, and no element in a maximal branch chain is adjacent to exactly one other element (which would necessarily be the other element in the branch chain) in P . This means that every maximal branch chain in P for P ∈ N 2 ′ has nonempty intersection either with two other maximal branch chains, two diamonds, or a diamond and another maximal branch chain.
By Theorem 6, we know that every poset P ∈ N 2 containing a Type II diamond and no crown looks like the poset depicted in Figure 14 . If the interval [a 1 , a M−1 ] is nonempty, there will be a chain in C 2 entirely contained in a chain of C 1 . The analogous statement is true if the interval [b 1 , b N −1 ] is nonempty. Thus for P to be in N 2 ′ , both of these intervals must be empty, which means that there is no poset in N 2 ′ that contains a Type II diamond, and no crown. As Class IV posets in N 2 look like Class II posets on the cylinder or like particular Class I posets on the cylinder, the description of all Class IV posets that look like Class II posets on the cylinder and are also in N 2 ′ is exactly the same as the description of all Class II poests that are in N 2 ′ , except that here the description refers to the reduced poset P on the cylinder. For the Class IV posets in N 2 that look like Class I posets on the cylinder, that is, the posets containing crowns but no diamonds, the issue that prevents any trees from being in N 2 ′ does not arise because there are no elements of P adjacent to exactly one other element in the poset, due to the identification. In fact, we find by the exact same reasoning as for the Class II posets in N 2 ′ that a poset P containing a crown but no diamond is in N 2 ′ if and only if P reduces to some tree P on the cylinder where every maximal branch chain consists of exactly two elements.
These results completely characterize the set N 2 ′ of posets. A more concise way to describe this set is as follows.
Theorem 9. The collection N 2 ′ is exactly the set of posets that reduce to convex subposets of N × N or that reduce to convex subposets of N×N on the cylinder, such that every maximal branch chain in the reduced convex subposet P consists of exactly two elements, and every element of P is adjacent to at least two other elements in P .
The set N 2
′′ ⊆ N 2 with reduced redundancy. In this section, we consider another way to reduce the redundancy in some of the chain sets for elements of N 2 . Recall the original Non-Messing-Up theorem as stated in Theorem 1. The rows and columns in the theorem have minimal redundancy in the sense that for any row r and any column c, #(r ∩ c) = 1. Let N 2 ′′ ⊆ N 2 be the set of posets P for which there exist sets of chains C 1 and C 2 as in N 2 , such that for any c i ∈ C i , #(c 1 ∩ c 2 ) ≤ 1.
Observe that N 2 ′ ⊆ N 2 ′′ and N 2 ′′ ⊆ N 2 ′ , since N 2 ′′ permits a chain in c i that is a single element, which is necessarily contained in a chain of c 3−i , and N 2 ′ allows chain intersections of any size, so long as neither of the chains is entirely contained in the other.
The classification of all posets in N 2 is based on two classes of allowable posets (convex subposets of N × N and convex subposets of N × N on the cylinder) and the posets that result from splitting elements of these in particular ways. When we split elements, the new edges had to be doubly colored. Thus the only posets that can possibly be in the set N 2 ′′ are convex subposets of N × N and convex subposets of N × N on the cylinder. If we use the coloring inherited from N × N as in Theorem 1, then we have a way to color each of these posets so that any two chains from each of the chain sets intersect in at most one element.
Theorem 10. The collection N 2 ′′ is exactly the set of posets that are convex subposets of N × N or convex subposets of N × N on the cylinder.
Open questions.
In this paper we have generalized Theorem 1 by characterizing the set N 2 , and answered more specific questions by characterizing the sets N 2 ′ and N 2 ′′ . It would also be interesting to generalize Theorem 1 by characterizing the sets N k for k > 2, where N k is the set all posets for which there exist k sets of disjoint saturated chains C 1 , . . . , C k covering P , such that for any labeling of P , when P is sorted along the chains of C ω(1) , then along the chains of C ω (2) , and so on, concluding by sorting along the chains C ω(k) , the labels along the chains of C ω(1) are still in order, for any permutation ω ∈ S k . Question 1. Characterize the sets N k for k > 2. Similarly, characterize the sets N If we consider the sorting procedures as operators, where sorting a labeling L of a poset P along the chains of C i is denoted S i (L(P )), then N 2 is the set of all posets P satisfying S i S 3−i S i (L(P )) = S 3−i S i (L(P )) for all labelings L of P and i ∈ {1, 2}. Similarly, N k is the set of all posets P satisfying S ω(1) S ω(k) S ω(k−1) · · · S ω(1) (L(P )) = S ω(k) S ω(k−1) · · · S ω(1) (L(P )) for all labelings L of P and all ω ∈ S k . If we have chain sets C 1 , . . . , C k for a poset P , it may be interesting to study other identities among the operators S 1 , . . . , S k . For example, if k = 3, we could consider the class of posets with sorting operators satisfying either of the following relations.
S ω(2) S ω(1) S ω(3) S ω(2) S ω(1) (L(P )) = S ω(1) S ω(3) S ω(2) S ω(1) (L(P )); S i S j (L(P )) = S j S h (L(P )) for {h, i, j} = {1, 2, 3}. Question 2. Classify the posets satisfying other sorting operator identities.
As stated in the introduction, we assumed that the chains in the sets C i were saturated, but perhaps there are also interesting results if we do not make this restriction.
Question 3. Classify all posets that have the sorting property, where the chain sets C 1 and C 2 consist of any disjoint chains covering P , not necessarily disjoint saturated chains. Similarly do so for posets with sets C 1 , . . . , C k of disjoint chains each covering P for k > 2.
In this paper we have classified the posets in N 2 using certain necessary conditions. It would also be interesting to be able to classify this collection based on what is forbidden as a convex subposet of P ∈ N 2 . Question 4. Characterize the collection N 2 by a minimal set of necessary exclusions.
Finally, as stated in the beginning of this paper, if we start with any labeling L of a poset P ∈ N 2 and then perform the two sorts, the result gives a linear extension of P . The distribution of the linear extensions that arise in this way may also be interesting to study. 
